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Time-series clustering is a core analytical technique for data exploration and as a subroutine in downstream
tasks. Although deep learning methods have surged recently, studies show that traditional algorithms, such
as k-Shape, still achieve state-of-the-art performance, revealing an illusion of progress. k-Shape alternates
between (i) cluster assignment using the Shape-based distance (SBD) and (ii) centroid update while pre-
serving scale and temporal alignment. However, its cubic-time centroid computation limits scalability to
long sequences. Despite advances in univariate time-series (UTS) clustering, multivariate (MTS) clustering
remains underexplored—multiple channels complicate inter-channel dependency modeling and amplify the
accuracy-runtime trade-off. To overcome these challenges, we introduce FASA and its multivariate extension
MUFASA: scalable, accurate, and parameter-light methods. FASA derives a closed-form solution that minimizes
within-cluster SBD distance in linear time, while MUFASA (i) introduces SBD-D, a distance measure identifying
a global temporal alignment across channels, and (ii) introduces a centroid update that jointly estimates all
channels to capture temporal and inter-channel dependencies efficiently. To demonstrate the effectiveness, we
conduct the most comprehensive evaluation to date in the MTS clustering area—covering seven MTS distances
and 21 clustering algorithms on 30 UEA MTS datasets—and benchmark FASA on 128 UCR UTS datasets against
eight baselines. Results show that (i) SBD-D matches the accuracy of elastic distances while being on average
two to four orders of magnitude faster, and (ii) MUFASA outperforms all scalable traditional, deep learning,
and foundation models in accuracy while matching non-scalable ones at much lower runtime. Notably, FASA
matches k-Shape’s accuracy while exhibiting better scalability, especially with increasing length. Overall,
MUFASA and FASA deliver efficient and accurate solutions for MTS and UTS clustering, respectively, paving
the way for future progress in time-series analytics.
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1 Introduction

Sequential data mining focuses on extracting meaningful patterns and insights from large collections
of ordered event sequences [39]. Time series, defined as sequences of time-indexed observations [38],
are pervasive across domains such as biology, economics, climate science, and engineering [7, 8, 20,
22,32,69,71, 72,92, 93, 115]. Time series are classified as univariate time series (UTS), consisting
of a single channel with scalar observations at each timestamp, or multivariate time series (MTS),
comprising multiple channels where each timestamp is represented by a multidimensional vector of
concurrent observations across channels. For example, in meteorological monitoring, temperature
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Fig. 1. The centroid-update procedure of k-Shape hinders scalability to long sequences, and existing mul-
tivariate k-Shape variants fail to outperform m-kMeans across 30 UEA datasets: centroid-update runtime
comparison between k-Shape and k-Means on synthetic datasets (a) varying L with N = 1,000; and (b) varying
N with L = 4,096; and (c) Critical Difference (CD) diagram with statistical test results comparing m-kMeans
to existing multivariate k-Shape extensions, where solid lines indicate no significant difference.

and atmospheric pressure are recorded simultaneously; each forms a UTS, and together constitute
an MTS capturing their joint dynamics [108].

Driven by the proliferation of massive time-series databases across diverse domains and IoT
applications [44, 51, 52, 54, 59, 60, 66, 78, 88], extensive research has focused on time-series analysis
techniques, including compact representations and compression strategies for managing high data
volumes [44, 51, 60, 83, 110, 111], efficient similarity search frameworks enabled by robust distance
measures [24, 26, 77, 82, 87, 89, 90, 94], and approaches to explainable analysis [35, 36]. Within the
broader landscape of time-series analysis techniques, time-series clustering has emerged as a critical
unsupervised technique for organizing sequences into meaningful groups without manual labeling
or human supervision. Providing significant advantages from pattern discovery and summarization
to anomaly detection [12-18, 37, 43, 46, 47, 53, 61, 63-65, 67, 75, 80, 81, 86, 101, 104, 105, 111],
clustering not only serves as an independent analytical tool but also serves as a critical subroutine
in various real-world time-series analytical tasks [3]. Consequently, recent decades have seen a
surge in algorithmic development, transitioning from traditional methods to deep learning and
foundation models [5, 9, 25, 30, 42, 55, 56, 58, 62, 74, 79, 84, 91, 95, 112-114].

Among clustering approaches, traditional partitional methods have consistently demonstrated
superior performance, often leading benchmark evaluations [19, 79, 84]. Despite their effective-
ness, these methods face two primary challenges: selecting a distance measure that appropriately
accounts for distortions such as misalignment and noise [89] for cluster assignment, and defining
a centroid that preserves the structural properties induced by that distance during refinement.
Paparrizos et al. [89] showed that shape-based distance (SBD) [84], a sliding measure correcting
global misalignment, offers the best accuracy-runtime trade-off. Building on SBD, k-Shape [84, 85]
is a scalable traditional partitional algorithm with linear complexity in the number of series and
a specialized centroid update that minimizes the sum of squared SBD within each cluster (see
Section 2.1). Recent studies show that k-Shape continues to achieve state-of-the-art performance
despite the recent emphasis on deep learning methods and foundation models, suggesting that the
perceived progress may be illusory [79].

Unlike k-Means, whose centroid update scales linearly [67], k-Shape relies on eigenvalue decom-
position, incurring cubic complexity relative to the time-series length L. We evaluate single-centroid
update runtimes on synthetic data under two settings: (a) varying length L with number of time
series N = 1,000, and (b) varying N with fixed L = 4,096. Figure 1 shows that k-Shape’s runtime
increases rapidly with time-series length L, while k-Means scales linearly. Although both methods
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scale linearly with the number of time series N, k-Means is substantially faster. Linear scalability
is critical in multivariate settings, where higher channel dimensionality amplifies computational
costs and exacerbates non-linear inefficiencies.

The high dimensionality of MTS introduces substantial challenges for clustering beyond the
univariate setting [55]. As dimensionality and the number of channels increase, balancing accuracy
and runtime becomes more challenging. Additionally, modeling channel dependencies adds further
complexity: computations can be performed per channel and aggregated (channel-independent) or
jointly across all channels (channel-dependent) [100]. Many extensions from univariate clustering
overlook inter-channel dependencies during centroid updates, limiting clustering quality [74,
106]. Methodological inconsistencies and insufficiently systematic attempts to extend univariate
algorithms further hinder progress; for example, k-Shape extensions [74, 106] rely on heuristics
that use only partial cluster information and do not fully exploit channel structure. As shown in
Figure 1c, none of these attempts outperforms multivariate k-Means. Despite heavy parameter
tuning and complex designs, many approaches fail to deliver consistent gains: our results (Section 6)
show that recent deep learning and foundation models [6, 10, 28, 33, 34, 49, 114] require large-scale
(pre)training and sophisticated architectures yet underperform traditional methods.

In this paper, we first introduce k-FAstShApe (FASA), a novel, scalable, accurate, single-parameter
UTS clustering algorithm. In contrast to k-Shape, FASA optimizes a different within-cluster distance
minimization problem, resulting in linear dependence (instead of cubic) on time-series length, and
addresses k-Shape’s limitation to long sequences. Specifically, we formulate a new optimization
problem for shape-based centroid computation that enhances robustness to outliers compared to k-
Shape and derive a closed-form solution that reduces the runtime complexity from cubic to linear in
time-series length. This principled formulation enables FASA to retain the accuracy of k-Shape while
substantially improving scalability. Next, we propose MUlItivariate FASA (MUFASA), a scalable and
accurate algorithm tailored for MTS clustering, designed to address the aforementioned challenges
in the MTS domain. MUFASA inherits FASA’s advantages while introducing multivariate-specific
designs to address the unique challenges of MTS clustering. Specifically, for distance computation,
we develop a channel-dependent SBD (SBD-D) that determines a single global temporal alignment
across channels, thereby capturing the co-evolving channel dynamics. After each MTS is aligned to
the centroid via SBD-D, MUFASA develops a linear-time centroid update formulation grounded
in the channel-dependent model that simultaneously estimates all channels, effectively capturing
temporal and inter-channel patterns.

To rigorously evaluate MUFASA’s effectiveness and efficiency, we conduct the most compre-
hensive empirical study to date on MTS clustering, using all 30 datasets in the UEA archive [7].
To our knowledge, this is the first work to jointly evaluate MTS distances, MTS clustering, and
UTS clustering, while benchmarking MTS clustering at scale. Our evaluation includes (i) seven
standalone multivariate distance measures spanning three major categories—lock-step, sliding, and
elastic—and (ii) 21 MTS clustering algorithms across four families, including traditional scalable and
non-scalable methods, deep learning-based approaches, and foundation models. In contrast, prior
studies [11, 55, 56, 74] evaluate much fewer methods and typically rely on limited dataset subsets.
Additionally, we evaluate FASA against eight strong baselines on all 128 UCR datasets [22], extend-
ing evaluation beyond the multivariate setting and addressing the lack of univariate validation in
prior MTS studies. Our experiments yield several key findings: (i) SBD-D achieves accuracy compa-
rable to elastic measures while being substantially more efficient and significantly outperforming
Euclidean distance (ED) in terms of accuracy, offering an excellent balance between effectiveness
and efficiency; (i) MUFASA surpasses all scalable and deep learning methods in accuracy, while
matching the accuracy of non-scalable methods at substantially lower computational cost; and
(iii) FASA resolves the cubic centroid-update bottleneck of k-Shape, retaining its accuracy while
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exhibiting substantially better scalability with respect to sequence length. All experiments use
publicly available datasets, and we release open-source implementations and detailed settings in
Section 5 to ensure reproducibility [1]. For completeness, we provide an appendix available at [2].

In this paper, we first review the theoretical foundation and related work in the clustering domain,
followed by representative MTS distance measures and state-of-the-art MTS clustering algorithms
(Section 2). We introduce our novel approach as follows:

o We formulate a novel optimization problem tailored for SBD, yielding a closed-form solution that
achieves linear scalability with respect to time series length, and introduce FASA, a partitional
clustering algorithm that integrates SBD with this new centroid update formulation (Section 3).

o We extend FASA to the multivariate case by developing distance and centroid update formula-
tions grounded in channel-dependency models, enabling principled and scalable multivariate
clustering (Sections 4.1 and 4.2).

o We introduce MUFASA, an efficient partitional clustering algorithm for MTS, which introduces
SBD-D for global temporal alignment and a novel centroid update capturing temporal patterns
and inter-channel correlations (Section 4.3).

o We demonstrate the robustness of our ideas through an extensive evaluation across over 150
UTS and MTS datasets and over 35 state-of-the-art baselines (Sections 5 and 6).

We conclude by discussing the implications of our work (Section 7).

2 Preliminaries & Related Work

In this section, we begin with the background (Section 2.1) and k-Shape (Section 2.2), the current
state-of-the-art UTS approach. We then review related work on MTS distances (Section 2.3), followed
by existing MTS clustering algorithms (Section 2.4).

2.1 Background

We now establish the theoretical foundations from the definition of UTS and MTS, outlining the
hardness of the clustering problem. We then discuss channel-dependency models and the challenge
in the modeling process of multivariate time-series clustering.

UTS & MTS: A UTS represents a single channel in which each timestamp corresponds to a scalar
observation, whereas an MTS comprises multiple channels that evolve simultaneously, with each
timestamp represented by a multidimensional vector capturing the joint evolution of synchronized
univariate sequences [76]. In this paper, we define the UTS X of length L as X = {x1, x2, . .. ,xL}T €
REX1 where x; denotes the scalar value at timestep i. Meanwhile, we denote the MTS X which has
D channels and each channel is a UTS with length L as X = {1, ¥, (D)} e RIXP,
Channel-dependency Models [100]: Compared to UTS, MTS introduces additional complexity
due to higher dimensionality and inter-channel interactions. Therefore, two channel-dependency
models are considered. The channel-independent model assumes uncorrelated channels, computing
per-channel results that are subsequently aggregated. In contrast, the channel-dependent model
performs joint computations by treating all channels at each timestamp as a unified multivariate
entity to capture inter-channel correlations.

Challenges of Traditional Partitional Clustering: Traditional partitional clustering groups
N time series into K clusters to maximize intra-cluster similarity (homogeneity) and inter-cluster
dissimilarity (separation) in an unsupervised manner [3]. While various clustering criteria have
been introduced to account for both homogeneity and separation [40], one of the most commonly
employed criteria is the minimization of the within-cluster sum of squared distances, as it effectively
captures both aspects. Let a dataset of N UTS be denoted as D = {x}, %3, ..., Xy}, and the number
of clusters as K, where K < N. The loss function that minimizes the total within-cluster distances,
partitioning the N data points into K disjoint clusters C = {Cy, C, ..., Ck}, can be formulated as:
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K
C"=arg mcinz ﬁz dist(x;, ¢j)* (1)
J=1 x;€C;
where c_} is the centroid of cluster C; € C. Unfortunately, the solution is nontrivial—in Euclidean
space, it is NP-hard for the number of clusters K > 2, even for a small dimension of D = 2 [4, 68].
Traditional clustering algorithms, such as k-Means [67], alleviate the problem by finding a local
optimum solution using the expectation-maximization approach, which iteratively refines cluster
assignments until convergence. Specifically, the algorithm (a) assigns each series to the closest
centroid in Euclidean space and (b) updates the centroid as the arithmetic mean of the cluster
members. Despite its linear scalability with respect to the number of time series N and their
length L, with a time complexity of O(N - K - L) per iteration, this approach fails to account for
key properties of time-series data—such as scale and shifting invariances—leading to degraded
performance. In the following sections, we will review state-of-the-art solutions in this domain.

2.2 k-Shape Algorithm

Shape-based Distance (SBD) [84]: SBD, a sliding distance measure, utilizes coefficient-normalized
cross-correlation (NCC,), where the subscript ¢ denotes normalization by the norms of two UTS ¥
and 7, to identify the optimal shape alignment while preserving both shift and scale invariance.
Cross-correlation (CC) between two UTS X and , each of length L, can be efficiently computed
using the Fast Fourier Transform (FFT) and Inverse FFT (IFFT), reducing the time complexity of
SBD to O(Llog(L)). Thus, CC and SBD can be formulated as follows:

CC(%,§) = IFFT(FFT(R) * FFT(§)) @)
- - (CCW(J_C: :l_j) )
SBD(X,9) =1 —max | ———=c 3)
wo \ IX]] - [yl

Here, * denotes the complex conjugate. CC(%, ) in Equation 2 denotes the full CC sequence,
whereas CC,, (X, 3) in Equation 3 denotes the CC evaluated at shift w, where w represents the
optimal position that maximize NCC, (X, 7).
Centroid Update with Shape Extraction [84]: k-Shape is a shape-based UTS clustering method
that employs a scalable iterative refinement process similar to the k-Means algorithm but with
significant differences. Specifically, k-Shape utilizes SBD as its distance measure and updates the
centroid c_; to a new centroid c_;* using the UTS %; within cluster C ';, formulated as follows:

¢;" = argmax Z NCC.(%;,¢;)* (4)

¢ xeC;

Since SBD has already aligned the time series of a cluster against the cluster’s centroid before
centroid computation, the denominator of NCC,(x, ¢;) can be omitted, simplifying it to fiT - Cj

and leading to Equation 5, where S = 3z c¢, (fi . fiT). Additionally, we substitute ¢; in Equation 5
with Q - 5}, where Q =1 — %O, I is the identity matrix, and O is a matrix of ones, ensuring that c_}

is centered. To enforce a unit norm for ¢, Equation 5 is further normalized by c_'jT - Cj. By letting
M = QT -S-Q, the problem is reformulated as the maximization of the Rayleigh Quotient:

ST R
C- .M.C.
¢;* = argmax ¢;’ -S-¢; = argmax —— (5)
j = ag J j = arg T o
¢ < Cj ¢

The closed-form solution of ¢;" is the eigenvector that corresponds to the largest eigenvalue
of M, resulting in cubic time complexity to the time-series length L. In general, k-Shape requires
O(max{N - K -L-log(L), N - L%, K - L*}) time per iteration, where N denotes the number of time
series and K is the number of clusters.
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2.3 MTS Distance Measures

Designing MTS distance measures is substantially more challenging than for univariate sequences.
Beyond handling temporal distortions such as misalignment and noise, MTS distance measures
must account for inter-channel dependencies, which substantially increase both methodological
complexity and computational cost [24]. Consequently, MTS distance measures must jointly ad-
dress temporal invariance and cross-channel structure, motivating approaches that either extend
univariate methods or introduce new formulations.

With the goal of establishing a unified, empirically grounded picture of measure performance
and trade-offs across multivariate categories, d’'Hondt et al. [24] evaluate 30 multivariate distance
measures spanning eight categories and two channel-dependency models under supervised and
unsupervised regimes, with an emphasis on classification and preliminary evidence for clustering
and anomaly detection tasks. The study provides practical guidelines for tasks that require temporal
distortion correction, such as classification: elastic measures trade runtime for accuracy, whereas
lock-step measures trade accuracy for efficiency; in contrast, sliding measures offer the best accu-
racy—-runtime balance, consistent with the findings of Paparrizos et al. [89] in the univariate setting.
For anomaly detection, where distortions are typically not corrected, lock-step measures remain
the most effective and efficient choice. Motivated by these findings, the experimental analysis in
this work concentrates on the discriminative power of representative measures from the lock-step,
sliding, and elastic categories (see Section 6.1).

2.4 MTS Clustering Algorithms

MTS clustering algorithms can be categorized based on their structural approach into traditional
methods, which rely on statistical models, similarity measures, or optimization techniques, and
deep learning-based methods, which utilize neural networks [95].

Traditional Clustering Algorithms: Traditional clustering algorithms for MTS rely on statistical
methods rather than deep neural networks (DNNs). These approaches can be broadly categorized
into scalable and non-scalable methods. Scalable methods, such as the multivariate extensions of
partitional algorithms [74, 106], aim to extract temporal patterns by adapting univariate techniques
for each channel independently, reducing complexity to linear time; however, existing extensions
often overlook channel dependencies or suffer from performance degradation. For example, two
existing extensions of k-Shape to the multivariate setting fail to outperform multivariate k-Means,
as shown in Figure 1c. To address this limitation, clustering approaches like MC2PCA [55] and
Time2Feat [11] incorporate cross-channel characteristics by projecting original time series to
feature space or latent space. However, such a projection or extraction process in the training
stage may suffer from high space complexity on large datasets. Non-scalable methods, including
PAM [53], FCFW [56], and T-GMREF [25], rely on distance matrices or complex representations,
often involving quadratic or cubic time complexity with respect to dataset size, which limits their
applicability to large-scale scenarios in real-world applications.

Deep Learning-based Clustering Algorithms and Foundation Models: Deep learning—based
clustering and foundation models fall into two groups: (a) end-to-end architectures that directly
output cluster assignments, and (b) representation learners followed by traditional clustering [95].
End-to-end methods such as IDEC [34] and SDCN [10] couple autoencoders with clustering or
structural objectives to jointly optimize features and assignments. Representation-learning ap-
proaches, including USRL [28] and DeTSEC [49], extract embeddings via convolutional or recurrent
encoders, then apply standard clustering. Recently, foundation-model-based time-series analysis is
an emerging area, yet clustering remains underexplored, with no dedicated models or standard
adaptation protocols. A common approach [79] leverages foundation models — such as OFA [114],
MOMENT [33], and Chronos [6] - for zero-shot representation learning via large-scale pretraining,
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producing task-agnostic embeddings that are subsequently clustered using conventional meth-
ods (e.g., k-Means). Despite their prominence, studies [79] show that classical algorithms such as
k-Shape still achieve state-of-the-art results for univariate time-series clustering, indicating that
some perceived advances reflect illusory progress. While current work largely targets on univariate
cases [79], multivariate time-series clustering has yet to receive systematic empirical evaluation. To
test these conclusions and compare representative methods in the multivariate setting, we report
accuracy and runtime in Sections 6.4 and 6.5.

3 Proposed UTS Clustering Method: FASA

In this section, we first formulate a novel optimization problem for centroid update and mathe-
matically derive a closed-form solution with linear complexity in the length of UTS, addressing
a long-standing limitation of the award-winning k-Shape method. Next, we introduce FASA, a
scalable univariate clustering algorithm that combines SBD with our proposed centroid update to
achieve highly efficient and competitive performance.
FASA Centroid Computation: As previously discussed in Section 2.2, k-Shape integrates SBD into
its objective function and applies eigenvalue decomposition to extract shape-preserving centroids.
The cubic complexity of eigenvalue decomposition with respect to the length of UTS leads to
prohibitively high runtime as the time-series length increases (Figure 1a).

To reduce the high complexity of centroid update while preserving the representative shape of
a cluster, we formulate centroid computation as an optimization problem that seeks the centroid
minimizing the total distance to all UTS x; within the cluster C ;. However, since NCC,. measures
similarity between time series, we reformulate the problem as a maximization task to determine the
optimal centroid ¢;", yielding Equation 6. We then expand NCC, by expressing the CC normalized
by the norms of x; and 5}, leading to the reformulation in Equation 7, as shown below.

¢ = arg max Z NCC.(x;,¢}) (6)
¢ XeCy
= arg max Z maxy CCw(%:,¢)) (7)
B EY R

Equation 7 necessitates determining the optimal global shift w for each x; € C;. Given that this
process is embedded within iterative clustering, we leverage the previously computed centroid as a
reference and align all sequences accordingly. Furthermore, since the sequences are already aligned
to a reference prior to centroid computation, Equation 7 can be simplified as follows:

¢;" = arg max Z FA (8)
< x;€C;

This formulation is more robust to outliers than the original k-Shape optimization problem and
necessitates a fundamentally different solution approach. To ensure the centering of ¢}, we apply
the transformation Q - c_; where Q =1— %O, with I as the identity matrix and O as a matrix of ones.
Although storing Q becomes expensive for very long time series due to its large space consumption,
mathematically, we derive AN Q= %7 — % - 1T, where %; is the mean of X; and 17 isa 1 X L
row vector of ones to ensure correct broadcasting. Therefore, we directly set fiT = )?,-T —x-17.
Additionally, to ensure that ¢; has a unit norm, we impose the constraint ||¢}||* = 1. Under these
conditions, the Lagrangian formulation is given by:

L&GN= ) & -&-MlEl -1 ©)

x;€C;j
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Fig. 2. Comparison of centroid-update runtime between k-Shape and FASA on synthetic datasets: (a) varying
L with N = 1000; and (b) varying N with L = 4096.

where A is the Lagrange multiplier. To solve this problem, we take the derivative with respect to
each parameter and set the resulting equations to zero, as shown below:

oL oL
== X =216 =0, — =—|G;jlI*+1=0 10
o7 = 2 B =0 5=l (10)
X €Cj

Using Equation 10, we express ¢; in terms of A and derive A using the constraint ||¢}||* = 1, as
shown in Equation 11. Finally, we substituting A into the expression of ¢; yields the closed-form

solution for ¢;" in Equation 12:
T R Y (1)
cj=— Xy A== Xi
Y ' 2 '

x;€C;j x;€C;j

- %k 1 —
G > & (12)
S T S @l &

xiECj

This centroid update algorithm eliminates the cubic computation in k-Shape, achieving linear
complexity in both the number and length of time series while preserving the ability to extract
the representative shape under scale, translation, and shifting invariances. Figure 2 presents a
comparison of centroid update runtimes between k-Shape and FASA under the same settings
described in Section 1. In these figures, FASA’s centroid update runtime exhibits linear scaling
with respect to L and is two to three orders of magnitude faster than k-Shape’s update. The next
section discusses the integration of SBD and the proposed centroid update strategy into an iterative
refinement process, resulting in the development of FASA, our proposed UTS clustering algorithm.
FASA Clustering Algorithm: Following the concept of k-Shape, FASA minimizes the sum of
distances (Equation 1), ensuring (a) well-separated clusters and (b) linear scalability with the number
of time series. While FASA employs SBD like k-Shape, its centroid update strategy (Equation 12)
greatly reduces to linear dependence (from cubic complexity) on time-series length. Compared to
k-Means, FASA significantly outperforms it while achieving performance comparable to k-Shape
but with faster execution. This efficiency becomes even more critical in the multivariate extension
discussed later in MUFASA (Section 4), as each additional MTS channel amplifies the number of
calculations and inefficiency in runtime.

FASA takes as input the UTS set D and the desired number of clusters K, and initializes by
randomly assigning time series to clusters. The algorithm then iterates through two stages until
convergence or until reaching a small, commonly chosen maximum number of iterations, such
as 100: (a) the centroid update stage, where centroids are computed using the method described
above; and (b) the assignment stage, which assigns each series to the nearest cluster centroid based
on SBD. Since this paper focuses on MTS clustering and adapting the multivariate algorithm to the
univariate case is straightforward, we present only the MUFASA pseudo-code (Algorithm 3) in the
main text and defer the FASA pseudo-code to Section B of the appendix due to space constraints.

Proc. ACM Manag. Data, Vol. 4, No. 3 (SIGMOD), Article 213. Publication date: June 2026.



MUFASA: Fast and Accurate Multivariate Time-Series Clustering 213:9

/—l Multivariate SBD-I Alignment I—\

Channel 1 align glien Channel 1
Local alignment
Shift left 45

o 100 200 300

Channel 2 align Channel 2

Local alignment
Shift right 120

o 100 200 300 o 100 200 300
—— Time-series A Time-series B Y,
/—| Multivariate SBD-D Alignment l—\
ChannLl 1 wtign angn S0 ) /" Channel 1

' 100 200 : 100 200 300

| Channel 2 align . e

: j i “’;" \ Shift lefi

' 100 200 300 / v 100 200 300
\_ ——— Time-series A_——— Time-series B J
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Complexity of FASA: We denote N as the number of time series, K as the number of clusters,
and L as the length of the time series. In the assignment step, FASA computes the dissimilarity of
N time series with respect to the K centroids using SBD, with a complexity of O(L log L), resulting
in a total time complexity of O(N - K - L - logL). In the refinement step, for every cluster, we
centralize each time series by subtracting its mean, sum the centralized time series within the
cluster, and divide the summation by the norm of the summation. Thus, the total time complexity
is O(N - L+K - L), which simplifies to O(N - L) since, in real-world cases, N > K. This aligns with
our previous statement that FASA’s centroid update scales linearly with respect to both N and L.
Overall, FASA requires O(max{N - K- L -logL,N-L}) = O(N - K - L -logL) time per iteration.
This confirms that FASA scales linearly with the number of time series, and its runtime complexity
is primarily determined by the assignment step. Compared to k-Shape, FASA reduces the cubic
complexity dependency on L found in k-Shape’s centroid update, making FASA two to three orders
of magnitude faster and better suited for large-scale time-series datasets (see Figure 13).

4 Proposed MUFASA Clustering Algorithms

In this section, we generalize FASA to the multivariate domain by formulating a channel-dependent
distance and centroid update mechanisms, enabling principled and scalable clustering (Sections 4.1
and 4.2). Subsequently, we present MUFASA, a scalable and accurate multivariate time-series
clustering algorithm which enables efficient modeling temporal patterns and capturing co-evolving
channel dynamics with a closed form solution (Section 4.3).

4.1 Multivariate SBD Extensions

In this section, we introduce and formulate the multivariate SBD from two channel-dependency
models: (a) the channel-independent model (denoted by -I after the measure), which assumes no
correlation between channels and applies a univariate measure to each channel separately before
aggregating the results; and (b) the channel-dependent model (denoted by -D after the measure),
which treats all channels as a cohesive unit while incorporating inter-channel correlations. Unlike
the simple extension of the channel-independent model, the channel-dependent model requires a
carefully designed measure to fully leverage its potential.

Since the channel-independent model serves as a straightforward extension, we first introduce
SBD-I. Extending SBD, SBD-I disregards potential relationships and interactions across different
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channels of MTS. Instead, it treats each channel of two MTS, X = {¥(V, 3@ .. 3P} &Y =
W, 3@, ..., §P)} € RIXP| independently. Here, D represents the number of channels, each of
length L. Channel-independent approach allows each channel to determine its optimal alignment
without being influenced by others. Due to the simplicity of the method, the corresponding formulas
are omitted. The top figure in Figure 3 illustrates the motivation behind designing SBD-I. This
approach is well-suited for scenarios where optimal global alignment requires different shifting
directions for each channel, providing additional flexibility.

Unlike SBD-I, the design of SBD-D draws inspiration from pattern matching between two 2-
dimensional objects, where one serves as a template while the other undergoes all possible shifts
to identify the position yielding the highest matching score. However, given the significance and
uniqueness of MTS channels, our approach differs from traditional pattern matching by restricting
shifts exclusively along the temporal axis while prohibiting shifts across channels. SBD-D treats
all dimensions of an MTS as a unified entity, ensuring that alignment operations are performed
collectively across all channels. The following equations define SBD-D. Equation 13 computes the
full 2-dimensional CC (CC2) sequence CC2(X,Y) using 2-D FFT and IFFT, denoted as FFT2 and
IFFT2. In Equation 14, the operator max T restricts the maximization to the temporal axis only;
accordingly, CC2,,(X,Y) denotes the CC2 value evaluated at temporal shift w, where w is the shift
that yields the best temporal alignment while treating all channels as a unified entity. It is worth
noting that trivial solutions can do matches yet ignore inter-channel correlation completely if the
max is not on the temporal axis range. We show the formula of SBD-D as follows.

CC2(X,Y) = IFFT2(FFT2(X) * FFT2(Y)) (13)
~ CC2,,(X,Y)

The bottom figure in Figure 3 illustrates the concept of SBD-D, where all channels shift together by
the same amount to achieve optimal global alignment as a unified entity. While SBD-I offers greater
flexibility by allowing independent shifts for each channel, excessive focus on alignment within
individual channels while neglecting global cross-channel relationships can lead to overfitting
(see Table 1). Thus, SBD-D, which ensures global shape alignment across all channels and reduces
overfitting, is as essential as SBD-I. Since SBD-I is a straightforward extension of SBD that aggregates
the computed SBD for each channel, we present only the pseudo-code for SBD-D in Algorithm 1.
This algorithm takes two MTS, X and Y, and returns both their distance based on Equation 14
and the aligned sequence of Y along the temporal axis. The aligned sequence is padded along the
temporal axis to ensure consistency in the MTS shape, with the padding applied using a zero-filled
matrix obtained via the zeros function with a given shape, resulting in Y’. In Section 6.1, we conduct
an evaluation of representative distance measures from lock-step, sliding, and elastic categories.

4.2 Multivariate FASA Centroid Update

We first introduce the channel-independent FASA centroid update. Similar to SBD-I, this method
extracts the representative shape of a cluster by applying Equation 12 to each channel indepen-
dently. The formulas are omitted for brevity. This approach enables each channel to independently
capture its representative shape without being influenced by cross-channel interference—ideal for
scenarios with weak or nonexistent inter-channel correlations. For instance, if the channels of
each MTS within a cluster are weakly connected and collected by sensors, a malfunctioning sensor
producing random signals will not affect the centroid extraction for the unaffected channels under
the channel-independent strategy. This allows for reliable centroid representation and facilitates
the identification of the faulty sensor through comparison.
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Algorithm 1 [dist,Y’'] = SBD-D(X, Y)

1: Input: Two Z-score normalized MTS X and Y € REXDP

2: Ouput: Dissimilarity dist of X and Y

3: Aligned sequence Y’ of Y towards X

4: L, D = length(X), channel (X)

5: shape = (2nextpower2(2~L—1)’ 2nextpower2(2~D—1))

6: CC2 =IFFT2{FFT2(X, shape) = FFT2(Y, shape) } > Equation 13
7: NCC2 = 5

8: [value,index] = max T(NCC2)

9: dist =1 — value > Equation 14
10: shift = index — L
11: if shift > 0 then
12: Y’ = [zeros(shift,D);Y(1: L — shift,:)]
13: else
14: Y =[Y(1 - shift:L,:);zeros(—shift,D)]
15: end if

While the primary focus of extending the centroid update strategy has been on the channel-
independent model, we now introduce the channel-dependent model for FASA’s centroid update.
This approach adopts a holistic formulation by unifying the multivariate sequence into a structurally
integrated entity to facilitate a linear centroid optimization that jointly estimates all channels,
effectively capturing both temporal dynamics and inter-channel dependencies. The following

equation illustrates this concept:

> % 1 v
& = > X, (15)

[Zsce, %

where ii = [3?1.(1)T, )?l.(z)T, .. .,flgD)T]T € REDIXT After obtaining the new channel-concatenated
centroids, it is crucial to reverse the concatenation and reshape them back into MTS format.
Since SBD determines global alignment by considering all shifts, failing to restore the original
structure could lead to unintended cross-channel misalignment (e.g., channel i aligning with channel
j)- The channel-dependent FASA centroid update considers all channels as an entity, making
it especially effective for MTS with strong inter-channel correlations. Moreover, this approach
enhances robustness against minor variations within individual channels. For example, noise in
an MTS channel may cause a channel-independent model to overfit, degrading centroid quality,
whereas a channel-dependent model jointly considers all channels, mitigating such distortions
and yielding more stable centroids. Appendix Section C illustrates the advantage of the channel-
dependent centroid update over channel-independent updates by jointly considering all channels,
thereby suppressing noise from unreliable channels. Our channel-dependent centroid update
strategy for extending FASA is not universally applicable. For example, it is unsuitable for k-
Shape, where concatenating MTS channels greatly increases the sequence length, leading to a
dramatic runtime increase due to its cubic complexity. However, FASA’s centroid update scales
linearly, making this extension feasible. Adapting such strategies to other algorithms requires
careful consideration, but this lies beyond the scope of this paper.

Algorithm 2 presents the pseudo-code for the channel-dependent FASA centroid update exten-
sion. We omit the pseudo-code for the channel-independent extension, as it is a straightforward
adaptation that applies FASA’s centroid update independently to each channel and then combines
them to form the updated centroid. In Algorithm 2, lines 7-10, each MTS within the cluster is
aligned to the current centroid, and its channels are jointly estimated. It is important to emphasize
that, in our proposed MUFASA, line 8 is not part of the centroid update stage. Since MUFASA’s
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Algorithm 2 ¢’ = FASACentroid-D(D, c)

: Input: D is a matrix € RN*IXD with Z-score normalized MTS.

¢ is a matrix € REXP with the current centroid.

: Output: ¢’ is a matrix € RI*P with the new centroid.

D' =[]

: I=ones(L-D,1)

¢’ =zeros(L-D,1)

: fori < 1to N do

[dist,X’] = SBD-D(¢, D[i]) > Algorithm 1
D’ = [D’;channelconcate(X’)]

: end for > D e RNX(L-D)x1
1 D’ =zscore(D’', axis = 1)

: fori « 1to N do

' =c +(D'[i] - mean(D’[i]) - 1)

: end for

: ¢ = II%H > Equation 15
: ¢/ = reshapeMTS (zscore(c’))

AN A

O e
SR T TR SR =N

assignment step aligns MTS within a cluster to its centroid and provides the aligned results as
input for centroid updating, we retain line 8 solely for clarity. In line 11, SBD-D applies shifting
and zero-padding, which disrupt normalization; thus, re-normalization restores comparability. The
centroid is then computed from the aligned sequences (lines 12-15). Although mean subtraction in
line 13 is redundant under Z-score normalization, it is retained for consistency with the general-case
induction in Section 3. In line 16, the centroid is re-normalized to match the input scale, ensuring
representational consistency. Since aligned MTS are reshaped into a UTS representation, normal-
ization (lines 11 and 16) and centroid computation (lines 12-15) operate globally across channels,
after which the centroid is reshaped back to MTS.

4.3 MUFASA Clustering Algorithm

We now introduce MUFASA, an efficient and accurate algorithm for MTS clustering that leverages
the SBD-D distance measure from Section 4.1 and the channel-dependent centroid update strategy
from Section 4.2 to efficiently and effectively cluster MTS.

MUFASA Clustering Algorithm: MUFASA extends FASA to the multivariate setting, incor-
porating correlations between channels throughout its iterative refinement process. Specifically,
MUFASA iteratively applies SBD-D to measure distances and assign MTS to the nearest cluster
and updates the centroids using the channel-dependent FASA centroid update extension until
convergence. As a result, MUFASA achieves the highest performance among scalable algorithms
and significantly outperforms scalable baselines.

MUFASA (Algorithm 3) takes as input the MTS set 9 and the number of clusters K. The process
begins with random cluster assignment and initializes all centroids as zero matrices. Then, it
computes each cluster centroid using Algorithm 2. After obtaining the centroids, MUFASA reassigns
each MTS to the cluster with the closest centroid based on SBD-D (Algorithm 1). It alternates
between assignment and refinement until convergence or a predefined maximum number of
iterations (typically 100) is reached. Convergence triggers early termination, while the iteration
limit serves solely as a conservative upper bound, following common practice in [79, 84], where a
small iteration limit (e.g., 100) is used to balance convergence stability and runtime. The algorithm
outputs the final cluster assignments and the centroid of each cluster.

Complexity of MUFASA: We adopt the same notation from Section 3. In the assignment step,
MUFASA computes the dissimilarity between N MTS and K clustering centroids using SBD-D,
which has a complexity of O(L - D - log(L - D)), with D multivariate time-series channels. Thus, the
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Algorithm 3 [IDX, C] = MUFASA(D, K)

1: Input: D is a matrix € RVXIXP with Z-score normalized MTS.
2: K is the number of clusters to produce.
3: Output: IDX is an vector € RN*! containing the assignment of N
4: time series to K clusters (initialized randomly).
5: C is a matrix € REXIXD containing K centroids.
6: iter =0
7: IDX' = |
8: while IDX # IDX’ and iter < 100 do
9 IDX’ = IDX
10: for j=1to K do > Refinement step
11: D' =]
12: for i < 1to N do
13: if IDX[i] == j then
14: D' =D Dli]]
15: end if
16: end for
17: C[j] = FASACentroid-D(D’,C[j]) > Algorithm 2
18: end for
19: fori « 1to N do > Assignment step
20: Dists = [ |
21: for j « 1to K do
22: [dist,X’] = SBD-D(C[j], D[i]) > Algorithm 1
23: Dists = [Dists; dist]
24: end for
25: IDX|[i] = argmin(Dists)
26: end for
27: iter « iter +1

28: end while

total runtime complexity for this step is O(N - K- L- D -log(L - D)). In the refinement step, MUFASA
applies a channel-dependent extension of FASA’s centroid update, where simultaneously estimates
all channels effectively capturing the patterns in temporal and channel dimensions. The total
complexity of the centroid update step is O(N - L - D). Overall, the per-iteration time complexity of
MUFASA is O(max{N-K-L-D-log(L-D),N-L-D}) =O(N-K-L-D-log(L-D)), demonstrating
its linear scalability with respect to N.

We now present the experimental evaluation of multivariate SBD, followed by MUFASA against
SOTA clustering algorithms, along with a comparative analysis of FASA and representative uni-
variate partitional clustering algorithms as complementary information.

5 EXPERIMENTAL SETTINGS

In this section, we outline the experimental setup used to systematically evaluate both the effec-
tiveness and computational efficiency of our multivariate SBD, MUFASA, and FASA.

Datasets: We evaluate UTS clustering performance on the UCR archive [22], the largest publicly
available collection of labeled UTS datasets, consisting of 128 datasets spanning synthetic and real-
world domains. These datasets contain between 40 and 24,000 time-series samples, with time-series
lengths ranging from 15 to 2,844. To evaluate multivariate SBD and MUFASA, we leverage the
UEA archive [7], the largest repository of labeled MTS datasets for classification and clustering,
comprising 30 real-world datasets from diverse domains with varying time-series lengths and
channels (see Appendix A Table 1 and 2 for additional details). Moreover, the UCR and UEA archives
are widely used as the standard basis for evaluation in the literature [11, 24, 45, 79, 84], thereby
making our evaluation both comprehensive and reliable. Considering the high computational cost
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of non-scalable methods, which could not complete on a substantial portion of the original datasets
within seven days, we follow common practice adopted in the community [24] and construct a
downsampled UEA archive. Specifically, datasets exceeding 500 samples in the training/testing sets,
15 channels, or 500 time points per MTS are downsampled along the corresponding dimensions
using stratified sampling, random sampling, and polyphase resampling [41] respectively. As a result,
21 out of 30 datasets are downsampled to enable a complete comparison. Detailed per-dataset
statistics, including original and reduced dimensions and the applied downsampling strategies,
are provided in the appendix A. Following the literature [24], we evaluate multivariate SBD using
a one-nearest-neighbor (1NN) classifier on the predefined train-test split. In contrast, for FASA
and MUFASA, we merge the train and test sets as clustering is an unsupervised task. Following
previous studies [7, 84], we resample time series to the maximum length within each dataset and
apply linear interpolation for missing values. To handle varying scales across temporal and channel
dimensions, we perform Z-score normalization [79, 84].

Platform: Experiments were conducted on a server with dual AMD EPYC 7713 CPUs (64-core),
1 TB RAM, and dual 80 GB NVIDIA A100 GPUs running Ubuntu 22.04.3 LTS. To ensure a fair
comparison, all CPU-based algorithms were executed in a single-threaded environment without
acceleration libraries. For DNNs and foundation models, runtime was measured exclusively on the
CPU, while GPUs were reserved for accuracy-only experiments.

MTS Distance Baselines: We compare multivariate SBDs against 6 strong baselines extended based
on channel-dependency models [24], including ED [50], DTW [98], Longest Common Subsequence
(LCSS) [107], Edit Distance with Real Penalty (ERP) [21], Time Warp Edit (TWE) [70], and Move-
Split-Merge (MSM) [102]. Notably, both channel-dependency models for ED are equivalent [99].
MTS Clustering Baselines: We compare newly proposed MUFASA, with state-of-the-art algo-
rithms across different categories: (a) Scalable Methods: multivariate k-Shape (kShape-D-I) — a
simple extended version with SBD-D and a channel-independent centroid update - four algorithms
from [74] (m-kMeans, m-kShape, m-KDBA, and m-KSC), Tslearn-kShape [106], Time2Feat [11], and
MC2PCA [55]; (b) Non-scalable Methods: PAM + DTW-I and PAM + DTW-D [53, 100], as well as two
recently proposed algorithms, including FCFW [56] and T-GMRF [25]; and (c) Deep Learning-based
Methods: (i) DNN-based methods, which use traditional deep learning architectures to either learn
representations or perform clustering directly: IDEC [34], SOM-VAE [27], USRL [28], DeTSEC [49],
and SDCN [10]; and (ii) Foundation model-based methods, which leverage zero-shot learning
capabilities from large-scale pre-trained models: OFA [114], MOMENT [33], and Chronos [6]. For
the reasons discussed in Section 2.4, our evaluation of foundation models is exploratory, focusing
on representation transferability; accordingly, we follow recent practice [79] and use foundation
models for zero-shot representation learning. For representation learning-based models, we apply
k-Means on the learned representations for clustering, a widely adopted strategy in our community.
UTS Clustering Baselines: We compare FASA with a similar set of univariate partitional clustering
algorithms from [84], including k-Means [67], k-SC [112], k-DBA [96], k-Shape [84], and PAM +
DTW [53]. Additionally, we include FrOKShape [57], a k-Shape variant that replaces SBD with a
fractional-order, NCC-based distance and adopts DBA for centroid computation, KASBA [45], a
k-Means—-based clustering algorithm that integrates MSM as the distance measure and updates
centroids via stochastic subgradient descent, and k-Graph [19], which constructs interpretable
clusters through graph learning on variable-length subsequences.

Implementation: We utilized the official implementations provided by the authors for baseline
comparisons. If the source code was unavailable, we reimplemented the methods in Python to ensure
a fair comparison. To facilitate repeatability, we make all datasets and source code available [1].
Parameterization: We evaluate multivariate SBDs exclusively in an unsupervised setting to align
with the nature of clustering. Following best practices, we utilize a fixed set of robust parameter
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Table 1. Pairwise comparison of sliding measures against ED on the original and downsampled UEA archives
(denoted in parentheses). “>”, “=”, and “<” represent the number of datasets where each method surpasses,
matches, or underperforms the baseline, respectively. v/, X, and ~indicate significantly better, worse, or
equivalent performance compared to the baseline, based on the pairwise Wilcoxon test (a = 0.05). “Runtime”

indicates the runtime ratio relative to ED.

Measure | Average Accuracy > = < Diff. | Runtime
SBD-D 0.6336 (0.6190) 20(19) |32 | 709 | /) 11x
SBD-I 0.6266 (0.6133) 17(16) | 2(1) | 11 (13) | ~(~) 11x

[Euclidean | 06129(06046) | 0 [ 30 [ o [ - | 1x |

values (Table 2) validated across hundreds of datasets in prior benchmarks [24, 89]. For partitional
clustering, we set a maximum of 100 iterations using random initialization over the full time-series
length. For all other baselines, we adopt the unsupervised parameters recommended in their original
studies or prior studies [79] to ensure a fair and standardized comparison.

Evaluation Metric: Following standard practice in prior studies [7, 89, 99], we employ a 1-NN
classifier to assess the discriminative power of each distance measure, as its performance (classifica-
tion accuracy) depends solely on the measure’s effectiveness. For clustering, we utilize widely used
metrics including Rand Index (RI) [97], Adjusted Rand Index (ARI) [48], and Normalized Mutual
Information (NMI) [103]. Given that these measures are highly correlated, we follow common
practice [79, 84] and report RI results on fused training and test sets. RI quantifies the similarity
between predicted and ground-truth assignments, ranging from 0 (random) to 1 (perfect agreement).
To mitigate randomness, we report average results over 10 runs with different random seeds.
Statistical Validation: We evaluate statistical significance in classification and clustering per-
formance using two standard protocols. For pairwise comparisons between competing methods,
we utilize the Wilcoxon test [109] with @ = 0.05, following prior studies [23]. For multi-algorithm
comparisons, we employ the Friedman test [29] followed by a post-hoc Nemenyi test [23, 73]. Given
that the Friedman-Nemenyi test requires stronger evidence than the Wilcoxon test [31], we set
a = 0.1 to detect significance across all datasets and algorithms. Results are visualized via Critical
Difference (CD) diagrams, where the axis denotes average ranks and horizontal solid lines connect
methods with no statistically significant difference.

6 EXPERIMENTAL RESULTS

In this section, we first assess SBD-D and SBD-I in comparison to the strong MTS distance baselines
(Section 6.1). Next, we examine design choices of MUFASA and compare MUFASA against scalable
(Section 6.2), non-scalable (Section 6.3) and DNNs (including foundation models) (Section 6.4)
approaches. While this paper primarily focuses on MTS clustering, we also evaluate FASA by
comparing it with representative partitional clustering algorithms (Section 6.6).

6.1 Evaluation of Multivariate SBD

Comparison against ED: Table 1 provides a pairwise comparison of sliding distance measures
against ED on both original and downsampled versions of the UEA archives. On the original archive,
only SBD-D significantly outperforms ED (winning on 20/30 datasets). While SBD-I improves upon
ED with 17 wins, it fails to reach statistical significance. Notably, the superior performance of SBD-D
over SBD-I suggests that the increased temporal flexibility of the independent model may lead to
overfitting rather than accuracy gains. Downsampling does not alter these conclusions; average
accuracy shifts by less than 0.015, and win/tie/loss counts vary by at most two datasets across
all measures. Given that SBD-D remains significantly superior to ED and achieves the strongest
overall performance as a parameter-free method, we adopt it as our primary baseline and confirm
the reliability of the downsampled UEA archive.
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Comparison against Elastic Measures: We next compare elastic distance measures in an

unsupervised setting, using SBD-D as the baseline, as it achieves the best performance in the
preceding comparisons. For elastic measures, we adopt the parameter configurations used in prior
benchmarks [24, 89]. These values were derived via Leave-One-Out Cross-Validation (LOOCYV)
to identify settings that perform well on average across datasets, as supported by accuracy and
statistical test analyses. This choice avoids disadvantaging elastic measures due to a lack of tuning,
while remaining consistent with an unsupervised evaluation protocol. When ED is used as the
baseline, several elastic measures significantly outperform it, indicating that ED is a weak reference;
in contrast, SBD-D, which significantly outperforms ED, provides a more appropriate baseline.
All experiments are conducted on the downsampled version of the UEA archive (see Section 5
for details). Downsampling the original archive is necessary for two main reasons: (a) several
elastic baselines, such as variants of MSM and TWE, are highly time-consuming and exceed the
seven-day runtime limit on multiple datasets; and (b) several non-scalable clustering algorithms
exhibit prohibitively high computational complexity (e.g., T-GMRF [25] has cubic complexity with
respect to both N and D of MTS) and cannot complete on a substantial portion of the original
datasets within the allotted time. Table 2 reports the performance of elastic measures, ordered by
average rank. The results show that the average accuracy gap between MSM-I, the top-ranked
elastic measure, and SBD-D is only 0.0082, while LCSS-1, which attains the highest average accuracy
among elastic measures, improves over SBD-D by just 0.0149. Importantly, none of the elastic
measures significantly outperform SBD-D, and SBD-D significantly outperforms LCSS-D. These
findings underscore SBD-D as a strong, parameter-free baseline and suggest that elastic measures
are not necessarily superior to sliding measures. Moreover, all elastic methods favor their channel-
independent variants, in contrast to the behavior observed for SBD. We further assess statistical
significance across multiple elastic measures alongside the baseline using the Friedman-Nemenyi
test, which also aligns with our previous findings.
Efficiency: We have shown that SBD-D is competitive in accuracy; we now demonstrate that it is
also highly efficient. As shown in Table 1, although ED is the fastest method, both SBD-I and SBD-D
are about one order of magnitude slower, with SBD-D significantly outperforming ED in accuracy,
unlike SBD-I. This establishes SBD-D as offering a stronger accuracy-runtime trade-off than both
ED and SBD-I. Table 2 shows that elastic measures are 3 to 6 orders of magnitude slower than ED,
whereas SBD-D is only 11x slower. Notably, while LCSS-I achieves the highest accuracy and MSM-I
is the top-ranked elastic measure, they are approximately 3 to 4 orders of magnitude slower than
SBD-D, respectively, without offering significantly superior performance. More broadly, elastic
measures are on average 2 to 4 orders of magnitude slower than SBD-D, yet none significantly
outperforms SBD-D in accuracy, with LCSS-D even performing significantly worse than SBD-D. We
further note that SBD-D is parameter-free, whereas most elastic measures require careful parameter
tuning. Consequently, SBD-D provides a more favorable trade-off between runtime and accuracy
than elastic alternatives. Figure 4 reports scalability for pairwise distance computations between
two MTS, comparing SBD-D with MSM-I, the top-ranked elastic measure. In Figure 4a, fixing
D =50 and varying length L, SBD-D is consistently faster; at L = 8,192, MSM-I requires about 31
hours—over 5 orders of magnitude slower—and is terminated for larger L after exceeding the 24-
hour runtime limit, while SBD-D scales to L = 2!7 in 8 seconds. Figure 4b fixes L = 1,024 and varies
channels D: at D = 1,500, MSM-I takes roughly 15 hours, whereas SBD-D completes in 2 seconds,
exceeding a four-order-of-magnitude speedup. Overall, SBD-D exhibits strong scalability in both
time-series length and channel dimensionality. In conclusion, while no single measure dominates
both runtime and accuracy, SBD-D provides the best trade-off, making it a strong practical default
when both efficiency and quality are critical.
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Table 2. Pairwise comparison of elastic measures and SBD-D. The rightmost column shows the runtime
comparisons against ED. Refer to Table 1 for other column descriptions.

Measure | Parameter Tuning | Average Accuracy | > | = | < | Diff. | Runtime
MSM-I c=1.0 0.6272 20 1 9 408421x
DTW-I 5 =100 0.6265 13| 4 |13 42057x

§=10 0.6309 181 3|9 16431x
§=5 0.6303 1912 |9 13576x
LCSS-I 6=10,e =05 0.6339 1912 |9 16137x
DTW-D § =100 0.6133 17 | 2 | 11 11897x
§=10 0.6072 16 | 2 12 3603x
§=5 0.6089 13| 2 |15 2618x
TWE-I A=0.5,v=0.01 0.6245 18| 2 | 10 183321x
MSM-D c=0.5 0.6049 15| 2 13 54712x
ERP-I 5 =100 0.6261 17 | 1 12 48991x
TWE-D | A =0.75v = 0.00001 0.6038 13| 2 15 27563x
ERP-D § =100 0.6115 16| 2 12 16777x
LCSS-D §=50,e=0.5 0.5952 7 2 121 X 9113x
SBD-D - 0.6190 [o]30]0] - | 11x
(a) SBD-D Runtime vs. Time-series Length (b) SBD-D Runtime vs. Time-series Channels
_ 10° MSM-| .
2 —+— SBD-D g0t
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Fig. 4. Runtime comparison of SBD-D and MSM-1 as: (a) length varies; (b) the number of channels varies.

6.2 MUFASA vs. Scalable Methods

Examining Design Choices of MUFASA: In Figure 5, we systematically evaluate four combina-
tions arising from two channel-dependency extensions for SBD and two for FASA’s centroid updates.
The naming convention is as follows: (a) the first I/D after the method name denotes whether the
distance is channel-independent (I) or channel-dependent (D); and (b) the second I/D specifies
whether the centroid update is channel-independent or channel-dependent. For example, FASA-D-I
indicates FASA with a SBD-D and a channel-independent centroid update. Figure 5a presents a
pairwise comparison of multivariate FASA extensions against FASA-D-I—a natural baseline since
SBD-D outperforms SBD-I—on the UEA archive. Although MUFASA shows no statistically signifi-
cant difference from FASA-D-], it achieves slightly higher average accuracy and outperforms the
baseline on 57% of datasets. In contrast, FASA-I-D and FASA-I-I are significantly worse than FASA-
D-I, reaffirming the superiority of SBD-D over SBD-I. The Friedman-Nemenyi results in Figure 5b
are consistent with the Wilcoxon findings: FASA-D-I significantly outperforms both extensions
that use SBD-I, while MUFASA—which combines SBD-D with a channel-dependent centroid up-
date—achieves the highest overall performance by surpassing FASA-I-D significantly and FASA-D-I
without statistical significance. Moreover, regardless of the SBD choice, the channel-dependent
centroid update consistently outperforms its channel-independent counterpart, underscoring the
effectiveness of channel-dependent design in both the distance measure and centroid update when
extending from the univariate to multivariate setting. For FASA, both the distance measure and
centroid update consistently favor the channel-dependent extension.

Having identified MUFASA’s channel-dependent distance and centroid update as the best overall
design, we next examine normalization choices within the centroid update—specifically, Z-score
variants applied at lines 11 and 16 of Algorithm 2. Each step considers three options: channel-
independent (I), channel-dependent (D), or no Z-score (R), yielding nine combinations evaluated via
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(a) Wilcoxon Test
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Fig.5. (a) Pairwise comparison of multivariate FASA extensions with FASA-D-I serving as the baseline method.
The bar plot (left axis) reports the number of datasets on which each algorithm outperforms the baseline,
while the scatter plot (right axis) presents their average RI. The red dashed horizontal line marks the baseline’s
average RI. Symbols v/, X, and ~follow the notation in Table 1. (b) CD diagram with statistical test results
comparing the multivariate FASA extensions.
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Fig. 6. CD diagram comparing normalization variants in MUFASA’s centroid update (Algorithm 2, lines 11
and 16); the solid line indicates no significant difference.

a Friedman-Nemenyi test (Figure 6). The original MUFASA design applies channel-dependent Z-
score at both steps and ranks first, but several alternatives perform comparably, with no statistically
significant differences. This indicates that the centroid update is not highly sensitive to the specific
normalization choices at these steps, and we therefore retain the original normalization design for
all experiments to ensure a consistent and principled configuration.

Comparing MUFASA with Scalable Methods: Table 3 reports pairwise comparison results of
scalable clustering algorithms that successfully complete on both the 30 original and 30 downsam-
pled UEA datasets, using m-kMeans as the baseline. We include kShape-D-I, a multivariate extension
of k-Shape that addresses known limitations of m-kShape and Tslearn-kShape. Algorithms are
ordered by their average rank under the Friedman—Nemenyi test. On the original UEA datasets,
MUFASA is the only scalable method that significantly outperforms m-kMeans, achieving the
highest average RI and winning on 73% of the datasets. Appendix Section D shows the advantage
of MUFASA over m-kMeans in settings with temporal variation, where alignment-aware clustering
yields more meaningful results. kShape-D-I ranks second and is statistically indistinguishable from
m-kMeans—despite outperforming it on 63% of datasets—while m-kShape also shows no significant
difference. All remaining methods are significantly worse than m-kMeans. Results on the down-
sampled datasets exhibit only minor variations: the change in average RI for each method is below
0.015, and win/tie/loss counts differ by at most four datasets per cell. The statistical conclusions
remain unchanged under both settings — MUFASA consistently achieves the highest average RI
and is the only scalable algorithm that significantly outperforms m-kMeans. Appendix Figure IVa
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Table 3. Pairwise comparison of scalable algorithms that successfully complete on both the 30 original and
30 downsampled UEA datasets, using m-kMeans as the baseline. See Table 1 for other column descriptions.

Algorithm Average RI > = < Diff.
MUFASA 0.7532 (0.7527) 22 (21) 0(0) 8(9) (V)
kShape-D-I 0.7441 (0.7449) 19 (17) 0(0) 11 (13) (=)
m-kShape 0.7268 (0.7339) 15 (13) 0(0) 15 (17) (=)
Tslearn-kShape 0.7060 (0.7061) 10 (7) 1(0) | 19(23) X(X)
m-KDBA 0.7201 (0.7068) 9(6) 0(0) 21 (24) X(X)
MC2PCA 0.6990 (0.6871) 9(8) 0(0) 21 (22) X(X)
m-KSC 0.4813 (0.4778) 4(5) 0(0) 26 (25) X(X)
| m-kMeans [ 07353(0.7387) [ o0 [ 30 | o | - |
(a) Critical Diagrams: MUFASA vs. kShape-D-I and Time2Feat
(a.1) 25 original UEA datasets (a.2) 30 downsampled UEA datasets
3 2 1 3 2 1
S—— - ]
rs3es) e | g [ —wme

Fig. 7. CD diagrams comparing MUFASA with kShape-D-1 and Time2Feat on (a.1) 25 original and (a.2) 30
downsampled UEA datasets; solid lines indicate no significant difference.

reports the overall RI of MUFASA and other scalable clustering methods on the 30 original UEA
datasets, revealing a clear performance gap between MUFASA and the baselines. Methods are
ranked by average RI, with MUFASA achieving the highest performance, followed by kShape-D-I,
m-kMeans, m-kShape, and the remaining scalable approaches. Appendix Figure IVb presents a
dual-axis comparison between MUFASA and multivariate k-Shape extensions. MUFASA attains
Rank 1 on 14 of the 30 datasets—the highest frequency among all methods—and also achieves
the highest average RI. kShape-D-I ranks second but reaches Rank 1 on only eight datasets, six
fewer than MUFASA. In contrast, m-kShape and Tslearn-kShape achieve Rank 1 on half as many
datasets as kShape-D-I and on 10 fewer datasets than MUFASA. Moreover, m-kShape’s average RI
is approximately 3% lower than MUFASA’s, while Tslearn-kShape trails by about 5%.

The above comparisons exclude Time2Feat, as it completes on only 25 original UEA datasets,
with memory issues encountered on the remaining five large datasets (DuckDuckGeese, PEMS-SF,
EigenWorms, FaceDetection, and InsectWingbeat). We therefore present Figure 7, which reports
Friedman-Nemenyi results comparing Time2Feat with the top two scalable clustering algorithms in
Table 3, namely MUFASA and kShape-D-I. Figure 7a.1 shows results on the 25 original UEA datasets
where Time2Feat completes, while Figure 7a.2 reports results on all 30 downsampled UEA datasets.
Under both settings, MUFASA achieves the top rank, outperforming kShape-D-I without statistical
significance; nevertheless, the performance gap between the two is large, and both significantly
outperform Time2Feat. In summary, MUFASA consistently achieves the strongest accuracy and is
therefore used as the baseline for subsequent comparisons. Moreover, the consistent conclusions
across the original and downsampled UEA archives confirm that downsampling does not affect the
validity of our clustering evaluation.

6.3 MUFASA vs. Non-Scalable Methods

Table 4 shows a pairwise comparison of MUFASA and representative non-scalable methods on the
downsampled UEA datasets, considering the high computation cost (see Section 6.1). Algorithms are
ordered by their average rank from the Friedman-Nemenyi test. PAM + DTW-I and PAM + DTW-D
rank as the top two methods. However, MUFASA, being a scalable and accurate algorithm, shows
no statistical difference from these methods and achieves a comparable average RI. In contrast,
FCFW and T-GMRF perform significantly worse, with MUFASA outperforming them on 77% of the
datasets, which is further supported by the Friedman-Nemenyi test (Figure 8a.1). Figure 8a.2 further
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Table 4. Pairwise comparison of non-scalable algorithms and MUFASA, on the downsampled UEA archive.

Algorithm Average RI > = < Diff.
PAM + DTW-I 0.7615 18] 0 [ 12
PAM + DTW-D 0.7506 17 o [ 13
FCFW 0.6639 7 0 | 23 X
T-GMRF 0.6807 0 [ 23 X
| MUFASA | 07527 [ o0 [30 | o | - |

(a) Critical Diagrams

(a.1) MUFASA vs. FCFW and T-GMRF (a.2) MUFASA vs. PAM + DTW-I/ DTW-D
3 2 1 3 2 1

T-GMRF ﬂ L MUFASA MUFASA :'—li PAM + DTW-I
FCFW AM + DTW-D

Fig. 8. CD diagrams of MUFASA versus non-scalable methods; solid lines indicate no significant difference.

Table 5. Pairwise comparison of deep learning-based algorithms and MUFASA, on the original UEA archive.

Category | Algorithm | AverageRI | > | = | < | Diff.
SDCN 0.7334 11| 0 | 19 X
D DeTSEC 0.7311 11 0 19 X
eep
L . USRL 0.7201 9 0 | 21 X
earning
IDEC 0.7185 11 0 19 X
SOM-VAE 0.6430 5 0 | 25 X
Foundation Chronos 0.7479 12| 0 | 18
Models OFA 0.7319 10| 0 | 20 X
MOMENT 0.7369 8 0 | 22 X
| | MUFASA | 07532 [0 [30]0 | - |

indicates the comparable performance of MUFASA compared to the top non-scalable baselines.
However, the lack of scalability of non-scalable methods renders them impractical for large-scale
datasets. Owing to its efficiency and competitive accuracy, MUFASA, as a scalable method, stands
out as the best choice among traditional clustering algorithms.

6.4 MUFASA vs. DNNs & Foundation Models

We evaluate MUFASA against representative DNNs and Foundation Models on the original UEA
archive. Table 5 presents pairwise comparisons with baselines. Among DNN-based methods, SDCN
achieves the highest performance, followed by DeTSEC, yet both record average RI scores about
2% lower than MUFASA, which outperforms them on 63% of datasets. USRL and IDEC show
average RI values roughly 3% lower, and SOM-VAE trails by 11%; MUFASA surpasses USRL on
70% of datasets, IDEC on 63%, and SOM-VAE on 83%. All DNN baselines perform significantly
worse than MUFASA according to the Wilcoxon test. Among Foundation Models, Chronos attains
a slightly lower average RI than MUFASA, while OFA and MOMENT are each about 2% lower.
MUFASA outperforms Chronos without statistical significance, despite outperforming it on 60%
of the datasets. In contrast, MUFASA exhibits a statistically significant advantage over the other
foundation models. Notably, as these foundation models are pre-trained on vast public repositories,
they likely have prior exposure to the benchmark datasets. Despite this potential advantage and
their dependence on substantial GPU resources, these models fail to surpass MUFASA, which
achieves superior performance without any training or specialized hardware.
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Appendix Figure Va illustrates the overall RI of MUFASA against DNNs and foundation models,
where MUFASA achieves the top rank, followed by Chronos, MOMENT, and SDCN. Appendix
Figure Vb provides a comparison in each category. MUFASA attains the highest frequency of Rank
1, approximately 1.4 times that of SDCN and 1.6 times that of Chronos. As a CPU-only, scalable
traditional method based on efficient statistical techniques, MUFASA surpasses algorithms with
complex structural designs such as DNNs and Foundation Models, making it the optimal choice.

6.5 Runtime Analysis of MUFASA

In this section, we demonstrate the computational efficiency of MUFASA. Figure 9 highlights
MUFASA’s strong efficiency—accuracy trade-off. RI values are averaged over all 30 UEA datasets [7],
while runtime is reported as the sum across eight representative datasets—AtrialFibrillation, Basic-
Motions, ERing, Epilepsy, JapaneseVowels, Libras, NATOPS, and RacketSports—with each dataset
averaged over five independent experimental runs. This evaluation protocol is adopted due to the
high computation cost of non-scalable methods —several cannot finish large datasets within seven
days—making exhaustive evaluation infeasible. Selecting representative benchmarks, therefore,
enables fair inclusion of slower baselines. These datasets were selected by combining runtime-
complexity analysis with empirical timing on small datasets to estimate runtime on larger datasets,
followed by validation on subsets of the UEA datasets. The final set ensures that all algorithms
complete within the seven-day limit, covers diverse MTS shapes, and avoids cases where a single
dataset with extremely high runtime dominates the total runtime (e.g., FingerMovements, where
T-GMREF requires over 100 hours; despite completing within the seven-day limit, the dataset is
excluded to prevent skewing the aggregated runtime).

Across all four comparison groups—scalable (Figure 9a), non-scalable baselines together with
Time2Feat, which cannot finish on all 30 original UEA datasets (Figure 9b), DNNs (Figure 9c),
and foundation models (Figure 9d)—MUFASA lies on the upper-left frontier of the RI-runtime
plots, indicating a superior accuracy—efficiency trade-off relative to competing methods. Notably,
average RI can be misleading, as it masks substantial per-dataset accuracy variation; thus, the per-
dataset statistical analyses are essential for proper interpretation. Retaining all diverse UEA datasets
for fairness naturally compresses average accuracy differences across methods. Among scalable
methods, MUFASA is the only approach that significantly outperforms m-kMeans, achieving the best
accuracy—efficiency trade-off. Although m-kMeans is slightly faster, Table 3 shows that MUFASA
achieves a higher average Rl and outperforms it on 73% of datasets, indicating a meaningful accuracy
advantage. In contrast, kShape-D-I exhibits slightly higher runtime with lower average RI, MC2PCA
trades speed for substantial accuracy loss, and m-KDBA, m-KSC, and Time2Feat are uncompetitive
in both accuracy and runtime. Non-scalable methods incur severe runtime cost (about 652x-1,959x)
while generally failing to surpass MUFASA in average RI, except for PAM + DTW-I; consistent
with Table 4, MUFASA shows no significant difference from the top two non-scalable methods and
significantly outperforms the rest. DNNs and foundation models (marked with * to denote CPU-
estimated runtimes) are 3x-821x slower without accuracy gains; MUFASA outperforms Chronos on
60% of datasets and significantly surpasses all remaining deep and foundation baselines (Table 5),
confirming MUFASA as the preferred accuracy—efficiency trade-off.

Figure 10a compares MUFASA with the strongest scalable baseline, kShape-D-I, on synthetic
datasets while varying the number of MTS N, fixing L = 1,024 and D = 50. Consistent with the
theoretical linear dependence on N, both methods exhibit approximately linear runtime scaling,
with MUFASA remaining consistently faster and achieving about 2x speedup at N = 3,000 and
N = 10,000. Figure 11a evaluates scalability with respect to sequence length L, fixing N = 100
and D = 50, where MUFASA maintains lower runtime and a slower growth rate as L increases;
the gap widens substantially, with kShape-D-I becoming about 7x slower at L = 1,024, nearly 18x
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Fig. 9. RI-to-runtime comparisons of MUFASA against (a) scalable algorithms, (b) Time2Feat and non-scalable
algorithms, (c) DNNs, and (d) Foundation Models.
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Fig. 10. Runtime comparisons: (a) MUFASA vs. kShape-D-I as the number of MTS varies; and (b) FASA vs.
k-Shape and KASBA as the number of UTS varies.
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Fig. 11. Runtime comparisons: (a) MUFASA vs. kShape-D-I as time-series length varies; and (b) MUFASA vs.
kShape-D-I as the number of time-series channels varies.

slower at L = 2,048, and reaching approximately 40 hours at L = 4,096 (about 112x slower), after
which it exceeds the 24-hour limit, while MUFASA continues to scale and completes in roughly
15 hours at L = 2'7. Figure 11b further examines scalability with respect to channel D, fixing
N =100 and L = 1,024, where MUFASA scales smoothly and remains consistently faster, whereas
kShape-D-I grows steeply, becoming 3x slower at D = 1,300 and requiring nearly 24 hours at
D = 1,500, while MUFASA remains roughly 4x faster. For context, the median dimensions of the
original UEA datasets (N = 413, L = 167, and D = 6) are substantially smaller than those used
here, explaining the fast runtime observed in typical settings. The synthetic scalability experiments
demonstrate that MUFASA offers a favorable scalability profile with respect to N, L, and D relative
to the strongest scalable baseline.
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Fig. 12. (a) Pairwise comparison of FASA with SOTA partitional clustering methods using k-Means as the
baseline. Description refers to Figure 5. (b) CD diagram with statistical test results comparing FASA to SOTA
partitional clustering methods, where solid lines indicate no significant difference.

6.6 Evaluation of FASA

Comparing FASA with Partitional Clustering Algorithms: Although this paper primarily
focuses on MTS clustering, we also evaluate FASA as complementary evidence by comparing it
with state-of-the-art partitional clustering algorithms on the UCR dataset. Figure 12a uses k-Means
as the reference, and methods are ranked by average rank from the Friedman-Nemenyi test. Four
algorithms outperform k-Means on at least 63% of the datasets: k-Shape, PAM + DTW, FASA, and
KASBA. FASA ranks third by average rank and significantly outperforms k-Means, yet its average
RI is within 0.5% of the top two methods, and the number of datasets where FASA beats k-Means
differs by at most one. k-Graph, a non-scalable algorithm, ranks fourth, significantly outperforming
k-Means and achieving a slightly higher average RI than FASA, but it surpasses k-Means on 10
fewer datasets than FASA. KASBA also significantly outperforms k-Means but attains a lower
average RI than FASA and beats k-Means on four fewer datasets. In contrast, k-DBA, FrOKShape,
and k-SC are all significantly outperformed by k-Means, with k-SC exhibiting low average RI;
FrOKShape and k-SC outperform k-Means on fewer than 40 datasets, less than half of FASA.

The Friedman-Nemenyi test in Figure 12b.1 shows that FASA significantly outperforms k-
Means, k-DBA, FrOKShape, and k-SC, and also surpasses k-Graph and KASBA without statistical
significance. Figure 12b.2 ranks PAM + DTW first and k-Shape second, with FASA showing no
significant difference from these top two methods. All three methods outperform k-Means with
statistical significance. Notably, PAM + DTW is a non-scalable UTS clustering algorithm, whereas
k-Shape and FASA are scalable and require substantially less runtime, making them more practical
for large-scale applications. Moreover, FASA provides an optimal balance between accuracy and
efficiency by reducing the cubic complexity of k-Shape’s centroid update with respect to UTS length
to linear complexity, making it a highly efficient choice.

Efficiency: We evaluate the efficiency of FASA by comparing it with the strongest scalable parti-
tional baselines, k-Shape and KASBA, on synthetic datasets. To ensure a fair comparison, we disable
any sampling strategy and require all methods to process the full dataset. Although FrOKShape is a
k-Shape variant, it is both substantially less accurate and significantly slower than FASA, exceeding
FASA’s runtime by over 400x at L = 256 and L = 512, and by 2,453x at L = 1,024; consequently, it is
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Fig. 13. (a) and (b) Runtime comparisons between FASA and top-performing scalable partitional clustering
algorithms on synthetic datasets, varying L with N = 100.

excluded from full scalability experiments. Fixing L = 1,024 and varying N, Figure 10b shows that
KASBA is the slowest method, reaching approximately 51 hours at N = 1,000 (6,435x slower than
FASA) and exceeding the 24-hour limit, while k-Shape remains consistently slower than FASA,
ranging from 3x at N = 1,000 to 1.5x at N = 100,000; both exhibit near-linear scaling in practice,
consistent with their theoretical linear dependence on N. Fixing N = 100 and varying L, Figure 13a
shows that although k-Shape and FASA incur comparable costs on short sequences, k-Shape’s
runtime grows sharply with length, becoming 2,694x slower at L = 8,192 and 6,023x slower at
L = 21, after which it exceeds a 24-hour limit, while FASA continues to scale efficiently, completing
in under an hour even at L = 2!8, Figure 13b further shows that KASBA scales poorly with length,
requiring 20,370x and 64,477x the runtime of FASA at L = 1,024 and L = 2,048, respectively. Given
that the median UCR dataset dimensions (N = 636, L = 344) are substantially smaller than those
used in the scalability experiments, fast execution is expected in typical real-world settings. The
scalability experiments further show that FASA scales favorably with respect to both N and L.

7 Conclusion

In this paper, we present MUFASA, an accurate and scalable algorithm for MTS clustering. As its
foundation, we first introduce FASA, a scalable univariate clustering method that combines SBD
with our novel centroid update procedure scaling linearly with both the number and length of
time series. Building on FASA, MUFASA introduces SBD-D alongside a novel multivariate centroid
optimization that unifies the multivariate sequence into a structurally integrated entity to jointly
estimate all channels, effectively capturing temporal dynamics and inter-channel dependencies.
Extensive experiments demonstrate that SBD-D achieves accuracy comparable to elastic measures
at a fraction of their runtime and significantly outperforms ED. Across comprehensive evaluations
spanning multiple categories of clustering algorithms, MUFASA consistently delivers superior
accuracy and efficiency, while complementary experiments confirm FASA’s effectiveness and
scalability. Together, MUFASA and FASA provide accurate, scalable, and parameter-light solutions
for both MTS and UTS clustering, making them well-suited for real-world applications.
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